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Abstract
This paperderivesthemarginaleffectsfor a conditionalmeanfunctionin thebivariateprobit
model. A generalexpressionis givenfor a modelwhich allows for sampleselectivityand
heteroscedasticity.Thecomputationsareillustratedusingmicroeconomicdatafroma studyon credit
scoring.
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1. Introduction
Bivariateprobitmodelshavebeenautomatedby severalwidelyusedcomputerprograms,
includingTSP, Gauss,Stata,andLIMDEP,soestimationfparametersis relativelystraightforward.
A numberof applicationsappearin theeconometricsliterature.1 But,thecomputationf marginal
effects,whilecommoni othersettingshasbeenlargelyomittedfromstudiesinvolvingthebivariate
probitmodel. Boyes,etal.(1989),forexample,presentonlythecoefficientestimates,whileVande
VenandVanPraag(1981)qualitativelyxamineaconditionalmean(expectedfractionofresponses)in
four differentstrataof theirdata. Analyticalderivationof marginaleffects,whilerelatively
straightforward,asshownbelow,remainstobedocumented.Thisnotewilldiscussdirectmethodsfor
obtainingmarginaleffects.Anexamplebasedoncreditscoringdataisgiveninthelastsection.
2. TheBivariateProbitModel
Thereareseveralvariantsofthebivariateprobitmodelinthereceivedliterature(see,e.g.,Boyes
etal.(1989),Greene(1996),Maddala(1983),MengandSchmidt(1985),Poirier(1980)andWynand
'SeeMaddala(1983)for mentionof a few.
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andVanPraag(1981».Mostcanbe'obtainedasvariantsof thecanonicalmodel,
Y~= Pi'XI + 1510Yi = sgn(y~)
} [€1o€:J - BVN[O,O,I,I,p].
Y; = P2'X2+ 152'Y2 = sgn(y;)
Notethatthisis a simplebivariatextensionof theunivariateprobitmodelwhichhasprovideda staple
of appliedresearchforseveraldecades.Onecommonvariantofthemodelresultsfromaformof sample
selection.In thesesettings(see,e.g.,Greene(1992),Boyes,Hoffman,andLow (1989»,[Y1oXI]areonly
observedwhenY2equalsone. It hasbecomeincreasinglycommontoaccommodatetheheteroscedasticity
thatisprevalentinmicroeconomicdatainlimiteddependentvariablemodels.Forpresentpurposes,the
bivariateprobitmodelcaneasilybeextendedtoallowthisbyrespecifyingthedisturbances,sothat€j=
exp(-y/z)Uj'where[UI,U:Jhavethepreviouslyspecifiedbivariatestandardnormaljointdistribution.The
two variancesandthecovariancethenbecomefunctionsof thecovariates,thoughthecorrelation
coefficientremainsp.
Estimationof themodelbymaximumlikelihoodis straightforward.Thefourcellprobabilities
maybewrittenasfollows,where,for convenience,weomittheobservationsubscripts:
P(Y1oY2IXl>X2,ZI..Zz)= B[qlal>qzaz,qlq2P],Yj = 0, I forj = 1,2,
where
q. = 2y,- 1J J'
a. = R!X. / exp('V!z.)J /oJJ J IJ J'
andBO denotesthebivariatenormalCOF. The log-likelihoodto be maximizedis, then,just
1:;lnP(Yli,Y2i)'In thesampleselectionmodel,the"0,0"and"1,0"cellsarecombinedin thesimple
univariateprobability,Prob[y2= 0] = <l>(-a2),where<l>(')denotestheunivariatenormalCOF, andthe
othertwocellsin thejointdistributionarethesame.2 .
3. MarginalEffects
Onceparameterestimatesareobtained,anaturalnextstepistoconsiderthemarginaleffectsof
thecovariatesintheconditionaldistributions.However,thereisanambiguityinthissettinginthathere
areseveralconditionalquantitiesthatonemightexamine: .
Theunconditionaldistributionsaregivenbytheunivariatenormaldistributions:P(y) =<l>(qp).
Theregressionfunctionsareobtainedbysettingqjtoone;
E[Yj Ixj>z)= Prob[Yj= 1I xj>z)
= <l>(a).
Toolsfor analyzingthesedistributionsandthemarginaleffectsin theregressionscanbefoundin most
moderneconometricstextbooks,e.g.,Greene(1997)or DavidsonandMacKinnon(1993).
Thelog-likelihoodfor thebivariateprobitmodelspecifiesfourcellprobabilitiesfromthejoint
2'J'helog-likelihoodfortheselectionmodelisderivedinWynandandVanPraag(1981)andBoyesetat.(1989).
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distributionof Yl andY2,P(Yl>Y2I Xl,X2,Zl>~)'fromwhichonemightderiveelasticitiesor derivatives,
d(yl>Y2,Xl>X2,Zl>~=ap(Yl>Y2IXl>X2,Zl>~)/aw,
wherew denotesany(orall)of thecovariatevectors.Otherusefulquantitieswouldbethethegradients
of theconditionalprobabilities,
°l(Yl IY2,Xl,X2,Zl'~= apfylIY2,Xl,X2,Zl,~)/aW
and,likewisefor °2(Y2IYl>Xl>X2,Zl,~. Thesevectorscanalsobespecifiedfor anyof thefourcellsin
thejoint distribution,e.g.,o~(111,Xl,X2,Zl'~= aProbfyl=1 IY2=1,xl>x2,zl,zJ/8w.Thisvectorhas
thevirtuethattheseparticularderivativesaretheslopesof theconditionalmeanfunction,since
Prob[yl=1IY2,Xl>X2,Zl>~= E[yl IY2,Xl>X2,Z1>~'
forY2= 0 or 1. Note,however,thatthelog-likelihoodspecifiestheunconditionalprobabilities.The
conditionalmeanfunctionfor thebivariateprobitmodelis
E[yl IY2'XI'X2,zl'~]= Prob[yl=1I Y2'XI'X2,zl'~]
= Prob[yl=1'Y2'xl'x2,zl'~]
Prob[y2Ix2'~]
= BVN[al' (2Y2-I)a2),(2y2-I)p]
<I>«2Y2-I)~)
BVN[al' q2~' Q2P]
= <I>(q2a2)
BVN[cl' c2' p']
- <I>(c2)
WehavewrittenthefunctionalformdirectlyintermsofY2tohighlighthedependenceof theconditional
meanfunctionontheconditioningvariable.
Derivativesof thevariousfunctionshownabovegivethedesiredmarginaleffects.For the
bivariatedistribution,thesewill involvethequantity
gl(Cl'C2,p.) = iJB(cl,c2,p')
oCI
= cP(CI)CP
[
C2-P.CI
]JI - p.2
(andlikewiseforgicl>c2,p».Letw = [Xl U X2U Zl U ~ anddefineP; withnonzerovaluesandzeros
placedappropriatelysothatf3;'w= f3/Xl>and13;,1';and1';likewise.In ordertosimplifythe
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differentiation,letCj= qflj' Then,usingstandardresults,weobtainthevectorof marginaleffects:
aE[yl I Y2'w]
aw
=
[
g,(Cl'C2'P.)
] { [
~
]
{3; - c,"I;
}<I>(c2) e"fl W .
+
[
<I>(c2)gicl'c2,p .) - B(cl'c2,p.) CP(C2)
]
q2
{ [
-J,
]
{32.
[<I>(c2)f . eo?'w - CiY;}'
The fourpartscontainedin curledbracketshowtheeffectsdueto changesin themeansof thelatent
variables0';)andchangesinthedisturbancevariances.Thetotaleffectisthesumof thefourparts.If
eitherofthedisturbancesarehomoscedastic,thecorrespondingtermsinvolving"Ij arezero.
4, Application
Greene(1994)analyzesindividualdataon creditscoringandloandefaultbehavior. The
followingis amodificationof themodelpresentedthere.Dataconsistof 1319observationsonapplicants
for amajorcreditcard. Theresponsevariablesare:
Zl =thenumberof majorderogatoryreportsin theapplicant'scredithistory,
Yz = 1if theapplicationwasacceptedbythecreditcardvendor,0 if denied.
The 1994studyanalyzesZl in thecontextof a modelmodelfor countdatawhichaccommodatesthe
preponderanceof zerosin theobservedsample.For thisapplication,theconstructedvariableusedis
YI = 1 if Zl >0 (i.e., 1if anymajorderogatoryreports)and0 else.
The sampleproportionof zerovaluesare0.8036for Yh 0.2244forYz, and0.1099for 0'hYz)' The
followingbivariateprobitmodelis specifed:
Xl = constant,Age,Income,Average_Monthly_Credit_Card_Expense
Xz = constant,Age,Income,Own/Rent_Home,S lf_Employed.
The lasttwovariablesin Xzarebinaryvariables.Incomeis scaledby 10,000.Finally,in viewof the
evidencein Greene(1994),wealsospecify
Var[E!] = e'YIAverage_Expense
In fact,thenumberof recentmajorderogatoryreportsis overwhelminglythepredominantfactorin
whethera creditcardapplicationis approvedordenied.Thelargenegativestimateof p shownbelow
(-.735)is thusto beexpected.Table1belowshowstheparameterestimatesfor thebivariateprobit
model.
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TABLE 1. EstimatedBivariate ProbitModel (MaximumLikelihood).
Log likelihood function -1219.890
Variable Coefficient standard Error t-ratio. Mean of X
Equation for Derogatory
Constant -1.3289
AGE 0.11440E-01
INCOME 0.21199E-02
AVGEXP 0.11647E-03
Equation for Derogatory
AVGEXP 0.55150E-03
Equation for Card Holder
Constant 0.70168
AGE -0.90534E-02
INCOME 0.73701E-01
OWNRENT 0.34091
SELFEMPL -0.25447
Disturbance Correlation
p -0.73482
Reports: Mean
0.17602 -7.550
0.47379E-02 2.415
0.28131E-01 0.075
0.13159E-02 0.089
Reports: Variance
0.15951E-02 0.346
status
0.14567
0.43585E-02
0.23548E-01
0.80421E-01
0.12216
33.21
3.365
185.1
185.1
4.817
-2.077
3.130
4.239
-2.083
33.21
3.365
0.4405
0.6899E-01
0.38617E-01 -19.028
The variouspartsof themarginaleffectsareshownin Table2. The valuesreportedare
percentagechanges.Thatis, thetabledisplays100/E[...]x 8EfYiIYz,w]/ow.Estimatesarecomputed
atthemeansof thevariables.Someauthors,e.g.,HensherandJohnson(1981),advocateaveragingthe
individualsampleobservationsonthemarginaleffectsinstead.Oursampleis relativelylarge,sothe
differencefromthisalternativeapproachwouldbesmall. Two of theeffectsarefor binaryvariables.
A moreaccurateapproximationmightbeobtainedbytakingthediscretedifferenceof theprobabilities
computedwiththesevariablesettothevalues1and0, respectively.Wehavefoundgenerallythatthis
approachproducesdifferencesofnomorethansecondorder,especiallyin largesamples,thoughinsome
circumstances,theeffectscouldbenoticeable.Sincethesecondequationspecifiesa homoscedastic
disturbance,thecolumnof thetableforZzis omitted.
The estimatedconditionalmeanis 0.098934,whilethe sampleproportion0'1=l,yz=1) is
0.08188.Table2 liststhedecompositionf thechangesin thisestimatedproportiongivenchangesin
themodelcovariates.
TABLE2. Componentsof MarginalEffectsfor Efy11y2=1,w](% Change)
Finally,thelasttwocolumnsofTable2presentthetotalmarginaleffects,withestimatedstandarderrors.
Thestandarderrorsarecomputedusingthedeltamethod(Greene(1997)),
Est.Asy.Var[~I(y1IY2=l,w)] = G x Est.Asy.Var[e]x G'
A
where9 isthesetof maximumlikelihoodestimatesofthebivariateprobitmodel,includingp, asshown
in Table1andG is theestimateof thematrixof partialderivatives,80/09'. Thederivativesof the
marginaleffectswith respecto theparametersareexceeedinglycomplicated.We usednumerical
approximationsinsteadof analyticexpressions.
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Variable XI X2 ZI Total Std. Error
AGE 2.8858 -1.1135 0.0000 1.7723 1. 0561
INCOME 0.5348 9.0644 0.0000 9.5992 5.9814
AVGEXP 0.0294 0.0000 0.1280 0.1574 0.07084
OWNRENT 0.0000 41. 9277 0.0000 41. 9277 10.7892
SELFEMPL 0.0000 -31. 2973 0.0000 -31.2973 15.2063
5. Conclusions
Thisnotehassuggestedanexpressionfor theratesof changeof theconditionalmeanfunction
in severalvariantsof thebivariateprobitmodelwhich,apparently,hasnotappearedheretofore.As in
manysuchmodelswhichinvolvemultiplequations,theboththemagnitudesandthesignsof thesimple
coefficientsinthemodelcanbemisleading.
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